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ABSTRACT

This paper is a written version of a ralk delivered by the
author before the Nederlands Rekenmachine Genootschap
( Dutch Association for Computing Machinery) on May
28, 1968, ar Amstrerdam.

A survey is given of the most popular and successful
numerical methods for calculating the eigenvalues and
eigenvectors of full real matrices. Artention is focused on
methods for general matrices, methods for symmetric
matrices are treated only as special cases. The successive
ropics are: an introduction with an outline of the theory;
reducing similarity transformations, in particular, Wil-
kinson's and Householder’s transformation to Hessen-
berg form; merthods to calculate eigenvalues of Hessen-
berg matrices, viz. the QR method and nondeflating
methods using Hyman's formula; methods to calculate
eigenvectors of Hessenberg matrices, viz. inverse intera-
tion and the QR method; Osborne’s equilibration; Eber-
lein’s generalized Jacobi process.

1 INTRODUCTION

During the last decade, the art of computing eigenvalues
and eigenvectors of sgquare matrices has made consider-
able progress. Numerical methods nowadays are
avallable which work satisfactorily for most matrices
occurring in practice. For real symmetric (and complex
Hermitian) matrices in particular, we have quite stable
numerical processes whose convergence can be guaran-
teed. :

We shall try to give a survey of the most popular and
successful methods for calculating eigenvalues and
_eigenvectors, restricting ourselves to methods for full
(1.e., nonsparse) real square matrices. We shall pay atten-
tion mainly to the general problem in which the matrix is
not assumed to be symmetric, and deal with methods for
symmetric matrices only as special cases of the general
methods.

To define the problem and some related notions, let M
be a matrix of the order n. The ,,eigenvalues” of M are
those real or complex numbers A for which the linear
system Mx = Ax has a nonnull solution vector x,
called ,,eigenvector” of M corresponding to A. The

eigenvalues of M are the zeros of det (M-AI), whichisa
polynomial of degree n in A, the ,,characteristic polyno-

mial” of M. Hence, M has at most n distinct eigenvalues,
and at least one eigenvector corresponds to each eigen-
value. A ,,similarity transformation’” is a transformation
which, to each nth order matrix M, associates the matrix
S-IMS, where S is any nonsingular nth order matrix.
The matrices M and S-'MS are called ,,similar”.
Similarity transformations are important, because they
~leave the eigenvalues invariant, and transform the eigen-
vectors in the following simple way: if X is an eigenvector
of S-1MS corresponding to the eigenvalue A, then Sx is
an eigenvector of M corresponding to A

‘Matrix M is called ,,diagonalizable™, if it is similar to a

- diagonal matrix: M = XAX-1, The eigenvalues of M

are the diagonal elements of the similar diagonal matrix
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A, the columns of the transforming matrix X are the
corresponding eigenvectors of M, and the rows of X1
are the corresponding eigenvectors of the transposed
matrix M7T. If M is diagonalizable and has multiple
eigenvalues, then the eigenvectors of M and MT are not
unique, but may always be chosen (and are preferably
chosen) such that the matrix of eigenvectors of M and
MT are each other’s inverse. (The eigenvectors of M and
MT then form a ,,biorthogonal™ system.) If M has only
simple eigenvalues, then it is diagonalizable, and its
eigenvectors are unique up to a scalar factor.

Computing eigenvalues and eigenvectors is considerably
simpler for real symmetric' (and complex Hermitian)
matrices than for other ones, because a real symmetric

' - (complex Hermitian matrix) has the following nice

properties:

1  all eigenvalues are real;

2  the matrix is diagonalizable;

3  the eigenvectors can be chosen such that the matrix

of eigenvectors is real orthogonal; (3": complex
unitary).

Nearly as efasy to handle are the normal matrices, which
are characterized by properties (2) and (3°); in other
words, a matrix is normal if it can be written in the
form UAU-L, where A is diagonal and U unitary.

The eigenvalues of normal matrices are well conditioned;
1.e., small changes in the elements of a normal matrix
cause small changes in the eigenvalues. Eigenvectors are
11l conditioned if they correspond to closely clustered
eigenvalues. If two eigenvalues coincide, then any linear
combination of two (linearly) independent corresponding
eigenvectors is again an eigenvector; this explains why
two eigenvectors corresponding to close eigenvalues are
very sensitive to perturbations of the elements of the
matrix.

The computation of eigenvalues and eigenvectors of

nonnormal matrices may be complicated for the follow-
Ing two reasons.

1 If the matrix has multiple eigenvalues, then it may
be nondiagonalizable. A nondiagonalizable nth
order matrix does not have n linearly independent
eigenvectors, (its eigensystem is ,,defective”). The
notion ,,eigenvector’’ may be generalized to ,,prin-
cipal vector” corresponding to an eigenvalue A,
1.e., a nonnull vector, x, satisfying

(M“ll)jx = 0O

where the iInteger j, the ,,grade™ of x, is chosen as

small as possible. If M is diagonalizable, then all its

principal vectors are of grade 1, i.e., arc ordinary
- eigenvectors. The computation of principal vectors

of grade > 1 is a nearly unexplored area (see, how-
“ever, J. M. Varah [14]), and will not be discussed

here. -

2 The eigenvalues of a matrix may be ill conditioned, .

even if the matrix 1s diagonalizable. Let M =
XAX-1, where A is diagonal. Let [[X]] denote the
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largest eigenvalue of X x. Then we have the follow-

ing:

Theorem (Bauer and Fike [4] 1, p. 87])

If X1s any eigcnvmue of the perturbed matrix M +

8M, then there is an eigenvalue A of M such that
| A=A < XX TISMLL

In other words, the minimum, p, of || X~} |IX]]
for all permissible eigenvector matrices X of M is a
measure for the sensitivity of the eigenvalues to
perturbations of the elements of M. If M is normal,
then . = | and the eigenvalues are well conditioned.
On the other hand, if M 1s far from normal (es-
pecially if M is rather close to a nondiagonalizable
matrix), then p is considerably larger than 1, and
the eigenvalues (or at least some of them) are ill
conditioned. More specifically, a measure for the
sensitivity of a (simple) eigenvalue A of M is the
quantity

wy il '
yTx| °

where X 1s a corresponding eigenvector of M and y
of MT, and where |x]| denotes the Euclidean vector
norm.

Besides the spectral norm mentioned above, one uses
the following matrix norms, which are much easier to
calculate:

the Euclidean matrix norm

iMlle = X [My]|?
L jom=1

and the infinity norm

iMil_ = n:ax ji IlMuL

In particular, we use matrix norms to define realistic
tolerances for the various stages of calculating eigen-
values and eigenvectors. These tolerances have the
form: matrix norm times some specified dimensionless
parameter (e.g., the machine precision).

The theory of matrices and methods to compute eigen-
values and eigenvectors are extensively treated in J. H.
Wilkinson [1], A. S. Householder [2] and D. K. Faddeev
and V. N. Faddeeva [3]. In particular, [1] deals with
various numerical methods from a practical standpoint,
including error analyses and assessments of the methods
based on the practical experience of the author. From
this book, we have taken a great deal of the material
presented here. Our survey is certainly not complete.
The research on this subject is very active, and there are
several interesting developments which we shall not
discuss, in particular, the calculation of bounds for a
computed etgensystcm [14], and met 0\
approximate eigensystems [I, p. 637 -

2 REDUCING SIMILARITY "TRANSFORMA-
TIONS

A matrix, H, is ,,upper-Hessenberg™ or ,,almost upper-
triangular™ if the elements below its first subdiagonal are
zero; ve., Hy = Q fori > } + 1. A matrix, T, is ,tridia-
gonal,” :f all clements outside the main diagonal and
the adjacent codiagonals are zero; ie., Ty = 0 for
It~ j% > 1.

A matrix is , Frobenius,” if it is the direc

»
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The characteristic polynomial of F is
T bl'._llrwm1 ¢+ 9 mbl)‘ - b@;

therefore F is also called the ,,companion matrix™” of
this polynomial.

2.1 Reduction to Hessenberg Form
For reducing a general matrix to a similar upper-
Hessenberg matrix, there exist completely satusfactory,
stable transformations. We discuss two of them which
are most commonly used, viz. Wilkinson's and House-
holder’s transformation.

Wilkinson’s transformation [l, p. 357-368] 1s a
triangular transformation with stabilizing interchanges.
The transforming matrix is the product of a permutation
matrix, P, and a unit lower-triangular matrix, L (,,unit”
means that the diagonal elements are 1). Thus, if M 1s
the given matrix and H the resulting upper-Hessenberg
matrix, then we have

H = L-'P-IMPL.

The interchanges are chosen such that |Ly| < 1 for all
1 and j. Moreover, one can choose the elements L,
t > 2 arbitrarily; in practice, one chooses them equal
to 0. The process resembles the triangular decomposition
used to solve linear systems. The transformation 1s more
accurate if the scalar products involved are calculated in
extra precision. The number of operations (each
operation consisting of a muitiplication and an addition})
roughly equals  n3 for large n.
In exceptional cases, the transformation might lead to
growing of the pivots (i.e., the elements chosen in each
step which are going to be the subdiagonal elements of
the resulting Hessenberg matrix) by a factor up to
272 (in a similar way as might occur in triangular de- ,
composition with partial pivoting {1, p. 212]). Further-
more, matrix L might be ill conditioned. Either would
cause a sub@mnual loss of accuracy. No anaiyms of these
" N N s o o DDears 10 mv@e bmn 3
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Isures or lity of the
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ements O f u are zero, @mﬁ the other elements
hosen such that the desired z«

more accuracy is obtained i
calculated in extra Weﬂcismm 'he number of cmrm 1ons

(1.e., multiplications and additions) rou ghly equals ; na

useholder’s transformationis a f th'
, ilkinson’s. On the other hand,
H @umhower s tmngmrmmmn s completely stable.
For a symmetric matrix Householder’s transformation
has the gmm admnmge that symmetry is preserved
(because the transformation is orthogonal); so the
amount of work is considerably reduced, the number of
operations roughly being equal to § n3® for large n.
The resulting similar matrix is tridiagonal, since it is
symmetric and Hessenberg, °

2.2 Further Reductions

After reducing the given matrix to a similar upper-
Hessenberg matrix, one may perform a further reduc-
tion to tridiagonal or Frobenius form.

A tridiagonal matrix similar to an upper-Hessenberg
matrix may be obtained by means of the transposed
Wilkinson process without interchanges; i.e., the trans-
forming matrix is a unit upper-triangular matrix, U,
and the resuluing matrix has lower-Hessenberg form.
Moreover, the upper-Hessenberg form turns out to be
preserved, so that the resulting similar matrix is tridiago-
nal. Alas, stabilizing interchanges cannot be used,
because they would destroy the upper-Hessenberg form.
Using no interchanges, however, the process may be
unstable, and, in fact, breaks down if a zero pivot occurs.
One may try to avoid this by choosing another first
column of U. No satisfactory process seems to be known.
In practice, it is often advisable to use double (or multi-
ple) precision in the reduction to tridiagonal form. We
shall not go further into this [1, p. 395-404].

The reduction of an Hessenberg matrix to Frobenius

form amounts to calculating the coefficients of the
charactenistic polynomial. This method is often very
unstable as the eigenvalues may be much more sensitive
to errors in the coefficients of the characteristic poly-
nomial than to errors in the elements of the given
Hessenberg matrix. In general, the reduction to Frobe
nius form is much less satisfactory than the reduction
to tridiagonal form [1, p. 405-411].

3 EIGENVALUES OF HESSENBERG
MATRICES
There exist two main types of methods for calculating
eigenvalues, viz deflating and nondeflating methods
In a deflating method, the order of the matrix involved
1s decreased as soon as an eigenvalue has been found; in
2 nondeflating method, the order of the matrix involved
remains constdnt.
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matrix. For k = 0,1,2,..., we first calculate the de-

whcm Q*M in onhﬂrgonm anfd R“” a

&cwpts ”(k)" )

In the jth stage, j = |, . . .,n, the jth columns of
are calcula ted according to the formulas

.'ﬁ.

i + 1

Ry= & QuHu, 1=1,..,jl,

K em 1

j~1

QU (Sﬁ)’) = HU" = QlkRkh } = ]I . ooyl

0o}

(3.1.2.)

N
Q’ﬁj S QufRu, | am l, o oy I,
From these formulas it easily follows that the de-
composition (3.1.1) is always possible, and, if H is non-
singular and one imposes the extra condition that the
diagonal clements of R be positive, then also unique;

- moreover, it is obvious that, if H is upper-Hessenberg,

then also Q.

After calculating the dccempwtmom (3.1.1), we sub-
sequently form the product

(3.1.3) Hix+l) = R(X)}Qtk),

Thus, H(*x+1) is obtained from H(X) by an orthc
similarity transformation:

(3.1.4) Htx+l) = (QU¥)-1H (Xx)}QtX)

Moreover, if H!X) is upper-Hessenberg, then also
Htx+) since R(*) is upper-triangular and Q'*) upper-
Hessenberg.

The sequence thus obtained satisfies the following:

If H® 15 a nonsingular matrix having eigenvalues of

distinct modulus, then the sequence of matrices H®
onverges to an upper-triangular matrix.

me now on, we assume that H(?) is upper-Hessenberg.

If H®) can be diagonalized and its subdiagonal elements

Hm, i = |, ..., n-l, are nonzero, then H®) has no

Theorem (Francis [6])
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hall]lha-1 |, where xn is the
modulus and Aax-3 the next
onvergence is usually too slow. In
- convergence, onec usces a wsj\_iﬂ"
ve formulas (3.1.1) and (3.1.3) are

W

( 3 o ﬁ . &} 5& ® B ilcediis H

or preferably

(3*1.7) QiK) oy p_'i“’}’

l.e., the eigenvalue of the lower right hand two-by-two

. _ «§ & X .
submatrix of H'"! closest to H ; ; . (Francis proposes to

perform the first iteration steps with shift s(%) = Q, and
to start using the shift st®) = (%) when p(*) has be-
come invariant within one binary digit precision: this
strateg nvalues will be

gy makes it more likely that the eige
found in order of increasing modulus.)
These shift strategies yield a process which, if it is
convergent converges nearly always quadratically for
diagonalizable matrices (or cubically for symmetric
matrices). The choice s(%) = (%) mentioned above may
turn out to be nonreal. In that case the shift strategy
be modified in one of the three following ways:

I for real matrices having only real eigenvalues (in
particular real symmetric matrices), one may choose
st¥) == real part of pn(¥);

2 for complex (or real) matrices, one may choose
st¥) = ut*) and use complex arithmetic whenever
necessary [6] {7].

This ,,single”” QR iteration process

12n? real multiplications per step.

3 for real matrices having complex eigenvalues the
previous strategy is possible, but expensive. A much
faster process is obtained by choosing
gik) == uik) gtk +1) = i_',_*ﬁk)_

requires roughly

This ,,double™ QR iteration process [6] [8] [14] has the
advantage that, from a real iterate H®), one obtains a
real iterate H'* +2) which can be calculated in real
arithmetic requiring only 5n® real multiplications per
doubile step.

Deflation

. c ry (KL
As soon as, for some i, |H.'*)| has become small enough

et
(e.g., < some norm of H(® times the machine pi

this element can ben avlected so that Hix) appm .y -
equals |

]

1ately

where H; is of the order i, Hz of the order n - i, 0 is the
n ~1 by i null matrix and M an i by n - i matrix. The
cigenvalues of this matrix are equal to those of Hy and

Hz. Thus, the problem of finding the cigenvalues of H )
is reduced to two problems involving smaller matrices.

In particular, if H_ | ;orH__, __, is negligible, then Ha

1s of order | or 2, and its eigenvalues can be calculated
directly; thus, the problem is reduced to finding the
eigenvalues of H; of order n ~ 1 or n - 2. The process is
completed if the successive reductions have produced

matrices of order | or 2 only.

Convergence .
Since a matrix Hz of order 1 or 2 can be handled direct! Y,
one calls a QR iteration process ,,convergent” if either

v v { K ) | yyik) . . O Ilets 1 2 %
H ., orH | , converges to 0. Using the shifts

described above, especially (3.1.7) and the modifications,
the process ges in the great majority of cases, but,
unfortunately, there exist matrices for which no conver-
gence occurs; e.g. the nth order permutation matrix

(3.1.9)

$ +d

I invariant under the QR transformation with
zero shift; moreover, according to either shift st rategy
mentioned above, the shift equals O; so obviously no
convergence occurs. One might choose a shift stx) =

k) 4+ «H ;km)mx where « is suitably chosen [1, p. 511}

[8]. Using this shift strategy, the process is convergent
for matrix (3.1.9) and, probably for the great majority of
matrices, but presumably for any constant a there are
other matrics for which this shift strategy will fail. |
For symmetric tridiagonal matrices, the iterates H¢x)
remain symmetric tridiagonal, since each step is an
orthogonal similarity transformation (3.1.4); moreover,
the shift strategies (3.1.6) and (3.1.7) both yield a
convergent process [9].

Advantages

I As the QR step is an orthogonal similarity trans-
formation (3.1.4), the condition number p (see
page 119) of the eigenvalues of the matrix remains
invariant. This property makes the process numeri-
cally very stable.

‘2 Deflation reduces the problem to probiems invol-

ving matrices of lower order. Moreover, after de-

flation, the matrix Hy involved is usually closer to
the limit than an arbitrary upper-Hessenberg matrix

of the same order.

gence seldom occurs. According to

J. H. Wilkinson (1, p. 538] the double QR iteration,

with shifts according to (3.1.7) and deflation, is t
wm TiulL P rar-mm FPDOSE Drogramme o1 a
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first are zero

negligible, we may either partition the matrix as above
(3.1.8) and handle H; and He separately, or replace these
negligible elements by some threshold (e.g., some norm
of H times the machine precision).

Thus, we may assume that the subdiagonal elements are
nonzero, and, since we are searching for zeros of the
characteristic polynomial, we may disregard the nonzero
factor

I (-Hj;-1).

j=2

Therefore we replace (3.2.2) by

(3.2.3) f(0) = (Hu-Nx; + I Hyx,,
ju=3

and search for the zeros of f(), or rather, after finding
the eigenvalues 1y, . . ., Ai-;, we search for a zero of

i-1 )
(3,2.4) fi(3) = (N IT(x-y).

The zeros of f()) or fi()) may be calculated by means of
any standard iteration process [1, p. 435-461]. If all
eigenvalues are real, then one may use linear inter-
polation, Newton or Laguerre. To find complex
eigenvalues, one may use quadratic interpolation (for-
mula of Muller [1, p.435] or Traub (1, p. 484]), Bairstow
(adapted to polynomials in the form (3.2.3) [I, p. 449
451]) and Laguerre [11] [12].

The derivatives needed for Newton and Laguerre

iteration are obtained by differentiating (3.2.1) and

(3.2.3); the resulting formulas are rather similar, and
the number of operations for calculating f* () or £ ()
is nearly the same as for calculating f().

Advantages and Disadvantage
1 In the whole process, the original matrix H is used,
sO that we may expect to obtain more accurate
eigenvalues than in the QR method, esj
latter requires many iterations.
2 Since no deflation is performed,
values cause trouble: numerator and denomir
in (3.2.4) both may become O or very small, so t}

(4.1.2) xtx+h) =

I IV ICY

ecially if the

no figure of fy()) is found correctl y; convergence is

merely linear and often slow; the multi plicity of the

igenvalues may be difficult to determine: some-

mes it is not known whether a calculated ei gen-
value is real or not, so that one cannot properly
divide the eigenvalues into pairs of complex
conjugate eigenvalues and real ones.

3 No iteration process is known which converges for
all (Hessenberg) matrices. The most successful
seems to be Laguerre’s formula.

4 Since no deflation is performed, the process is

considerably slower than QR iterations; e.g.,
iteration according to Laguerre's formula turns out
to be about three times slower (on the Electrologica
X8) than the QR method.

Symmetric Matrices

Symmetric tridiagonal matrices whose ¢ odiagonal
clements are nonzero possess the important property
that the determinants of ‘the principal minors (the ith
principal minor being the submatrix consisting of the
first 1 rows and columns) form a Sturm se quence; the

. signs of these determinants completely determine the

number of eigenvalues smalller (or larger) than the
argument at which these determinants were evaluated.

above) [1, p. 299-315] [8]. These methods for symmetric
matrices certainly do not have the disadvantages men-
tioned above for the general case, but, in fact, are com-
petitive with QR iteration.

4 EIGENVECTORS OF HESSENBERG
MATRICES

Eigenvectors may be calculated by means of inverse

iteration or, if the QR method is used for calculating the

eigenvalues, by means of a direct method using the

results of the QR iteration. After caiculating the eigen-

vectors of a Hessenberg matrix H, one obtains the

- eigenvalues of the similar matrix M = SHS-! by means

of back transformation: if x is an eigenvector of H,
then Sx is the corresponding eigenvector of M.

4.1 Inverse Iteration

Let H be a given (not necessarily Hessenberg) matrix of
the order n, A an approximate eigenvalue of H, and
x®) an n-vect~r. For k = 0,1,2, ..., we calculate AL
by solving the linear system

(4.1.1) (H=-AD)ytx) = xiX)
(by means of Gaussian elimination with row inter-
°s), and obtain x{*+1) by normalizing yt*:

Hy( kjﬂy‘k}'

Imb% ade XL, . % wp xll m n ﬁs e
ent eigenvalues of H, then we can v
x{ki = mlxil + » " » + “aXn;.

' I g i
r i
i [H

If H iﬁ diLa
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So, if A1 is well separated from the other eigenvalues
is a reasonable approximation to A;, and a1 does not
(nearly) vanish, then the sequence of vectors x(k)
converges (rapidly) to the eigenvector xi). In practice,
one or two iteration steps nearly always suffice. If His a
diagonalizable matrix having multiple (or closely
cwﬁtar@d) eigenvalue‘s and one wants to find linearly
independent corresponding eigenvectors, then one,
mhwwsly, cannot use the same numerical approxima-
tion X twice in the inverse iteration. Wilkinson remarked
[1, p. 328] that, in this case, the inverse iteration is very
sensitive to smail changes in A, so that replacing A\ by
another nearby value and performing another inverse
iteration, one finds an approximate eigenvector which
is not almost linearly dependent from the previously
calculated One( S).
If H is symmetric, then one obtains a set of orthogonal
eigenvectors by calculating the component orthogonal
to the eigenvectors already found (here one needs to
consider only those eigenvectors which belong to close
eigenvalues). This orthogonal component 1s calculated in
each inverse iteration step and used as starting vector
x{x) for the next step [8]. If H is not symmetric, one can
similarly obtain a biorthogonal set of eigenvectors of H
and HY.
If H is real and A complex nonreal, then we have the
following four possible strategies [1, p. 629-630].
I We may use complex arithmetic where necessary.
This strategy is implemented in [8].
2 We may work entirely with real arithmetic as
follows.
We write A = § + in, x(X) = ptx) 4 jq(®
y{x) = utk) 4 iv(*) and equate real and i unagmary
parts in (4.1.1). This gives

(4.1.3) (H-EDut® + nv(x) = plx),

(4.1 ..4) *W(k)’ + (H-ﬁl)v“l) P q(k}*

After solving this real system of the order 2n, we
normalize ut®) -+ iv(*) and obtain p{x+1} | jqik+1),
This strategy requires about twice as much space
and time, and is therefore not acceptable.

3 From (4.1.3) and (4.1.4) we can easily derive the
equations

(4*1*5) ((H._EI)B -+ ‘J]BI)I.I“" == (H--gr)p( k) . n,qfk)’
(4.1.6) ((H-ED)? + n2)v(k) = yptx) 4+ (H-ED)qix),

Wilkinson remarks (I, p. 630] that using these
formulas in the inverse iteration step, one does not
~obtain a good approximation to an eigenvector.

4 One may calculate u(®) by solving (4.1.5), and v(®
from (4.1.3), and then normalize to produce p{*+)
and q'*+). This strategy requires more space (viz.
for storing the matrix H2) but slightly less time than
strategy (1), and is impler
[131[14].

4.2 Calculaitng Eigenvectors Uwg QR I teration
Tbe QR iteration produces an upper-triangul
vhi apart fmm roumdmg mms,

jth eigenvalues are (nea
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rotations trwsf armmg th@ -u- by.;wg .
of one-by-one blocks. Let :
nalizable; let T be a matri igenvectors
obwously, QT is a matrix of ei eryvertars
eigenvectors of U may be chosen such that T is uni
Up per--trmn gular and are Cﬂkﬂiﬁt@d by SOV £ Ihe
corresponding triangular lincar systems. Thu
obtain

[ 3
Ty = b

kemi+}

arly) vanishes (i.e., if the ith and
rly) equal), then tt should be

replaced by a tolerance (e. g-» some norm of H times '

machine precision), and, since we as:

diagonalizable, .

vanishes, so that we obtain eigenve

almost linearly dependent.

This process is impbemmwd in [8] and turns out t

competitive with i Inverse iteration as to pﬁf

the QR 1tmtwn IS, of wurse, d-- gonal. |
matrix X of e:.genvwors of H simply eg

into H (i.e., H = S“lMS), then SQ is the ma
eigenvectors of M. Startmg from S tm matrix S
be built up during the QR iteration by multiplying S by
tion is needed afterwards and men

(15] (8]

5 OSBORNE'S EQUI LIBRATION

A matnx is called ,,equilibrated”

elgenproblem if each row has the same Euclidean

as the corresp .mmg column. E. E. Osborne [}

proved that, if M is irreducible, i.e., if there exists 1
mutation matrix P such that

‘A1 Ass)

P-IMP =

0 Asel

where O is a null matrix, then there exists a nonsingular
diagonal matrix D, such that D-MD is equilibrated.
An equilibrated matrix has the property that, in the class
of matrices which are similar-to it by a dmgoml simi lan»
ty transformation, it has minimum Euclidean r
turns out that, for calculating eigenvalues
vectors, it is of considerable importance to work with a
(roughly) equilibrated matrix, for the following two
reasons.
1 To determine useful toleran
stagc:s of the cal:culatmm, it is d S

mblfe to hﬁ"ﬁ a ﬂm
Ctral m‘&% (i“‘&"‘




2 If orthogonal transformations are used (House-
holder's transformation and/or QR iteration), then
badly balanced matrices should be avoided, because
the calculations (especially the QR iteration) are

b ughly) equilibrated matrices.
On the other hand, Wilkinson's transformation and
inverse tteration (apart from the choice of the inter-
changes involved), and also Hyman's formula,
are ,scaling invariant” (i.e., invariant under

1agonal similarity transformations).

ved equilibration, i.e., transformation
M a matrix into an equilibrated matrix by means of a
diagonal similarity trans{formation, can be performed by
means of an iterative process; each step consists of a
liagonal similarity transformation equating the Eucli-
dean norm of a certain row and corresponding column.
If the mmﬂx is irreducible, then the process converges
Mﬁd the convergence is usually very fast. In practice, one

the dmgonal elements of the tmnsformmg
s equal to a power of two, in order to maintain
exact sgmamrny.
If the given matrix 1s symmetric, equilibration is not
needed, because symmetric matrices are equilibrated by
definition.

6 EBERLEIN'S METHOD

Among the methods which do not start with a reducing

similarity transformation, Eberlein’s method [17] [18]
[19] seems 1o be very promising. This method is a
generalization of Jacobi’s method; by means of succes-
sive similarity transformations, the given matrix, M, is
transformed into a matrix whose Euclidean norm is
minimal. The method may start with Osborne’s equili-
bration, which uses only diagopal transformations to
minimize the Euclidean norm. In subsequent steps of
Eberlein’s process, plane transformations (i.e., transfor-
mations affecting only two rows and columns of the
matrix) are performed.

In each step, the Euclidean norm decreases, and hence
also the ,,departure from normality” (i.e., the squared
Euclidean norm minus the sum of the squared moduli of
the eigenvalues), which vanishes for normal matrices.
The process first converges to a normal matrix; sub-
sequently, plane (complex) rotations (i.e., plane unitary
transformations) are performed. The process converges
to a block diagonal matrix whose blocks are nearly
always one-by-one or two-by-two, so that the eigen-
- values and eigenvectors are then obtained immediately.
For symmetric matrices (and essentially also for normal
matrices), Eberlein’s process reduces to Jacobi’s process,
in which only plane (complex) rotations are performed.
Advantages of Eberlein’s method are:

1 Convergence of the (mathematical) process
proved. .

2 The accuracy of the results is
"bleto QR).

3 It is more economical in storage than QR witt

inverse iteration, and as economical as QR

direct calculation of the eigcmmct rs. o

acceptable (compara:
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